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PROBLEM OF FILLING OF A SPHERICAL CAVITY

IN A KELVIN–VOIGT MEDIUM

UDC 532.135S. V. Osipov

This paper is concerned with mathematical modeling and solution of the problem of the collapse
of a spherical cavity in a viscoelastic medium under the action of constant pressure at infinity.
A differential equation of motion for the cavity boundary is constructed and solved numerically. The
existence of three modes of motion of the boundary is established, and a map of these modes in the
plane of the determining parameters is constructed. Asymptotic forms of the solutions of the problem
for all modes are constructed. The problem of cavity collapse with capillary forces taken into account
is formulated and solved.
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Problems of bubble collapse in fluids have been studied by various researchers. Rayleigh was one of the first
to examine the problem of filling of a spherical cavity in an inviscid incompressible fluid. He established [1] that,
at the end of the filling process, the velocity of the cavity surface directed to the center increases without bound
as r−3/2, i.e., unlimited energy cumulation occurs. This can cause rapid wear of propellers and turbines operating
under cavitation conditions: bubble collapse on a metal surface can lead to rapid fracture of this surface. The
Rayleigh problem for a viscous fluid is studied in [2, 3] (the results of these studies are also given in [4]). It is
shown that there are two modes of cavity filling, depending on the initial cavity radius: at a radius smaller than
the critical one, filling occurs in infinite time, and energy cumulation is completely eliminated by viscosity; for a
large initial radius, the cavity collapses rapidly with unlimited energy cumulation in the stage of focusing. An
elegant solution of the problem of cavity filling in a viscous fluid was obtained, independently of other researchers,
by Zababakhin [5]; therefore, this problem is often called the Zababakhin problem.

Andreev and Gal’perin, studying the behavior of bubbles in a viscous fluid with capillary forces taken into
account, obtained a different result: if the initial bubble radius is small (smaller than the critical value), the rate of
filling decreases, but not to zero, and the bubble is filled in finite time [6].

Diffusion dissolution of bubbles in a relaxing medium was examined by Zana and Leal [7, 8] and diffusion
growth by Yoo and Han [9, 10]. Numerical analysis of the collapse of an empty cavity and nonlinear oscillations
of bubbles in Oldroyd, Rivlin–Ericksen, and Jeffrery fluids and in a fluid with a strain rate lag was performed by
Pearson and Middleman [11] and Ting [12].

It is of interest to study the motion of the bubble boundary in the presence of elastic forces. In the present
paper, we consider the problem of filling of a spherical cavity in a viscoelastic Kelvin–Voigt medium under the
action of constant pressure at infinity.

1. The Kelvin–Voigt medium is given by the equation of state

P = −pI + 2μD + 2ρκE, (1)

where P is the stress tensor, D is the strain rate tensor, E is the finite strain tensor, p is the pressure, μ, ρ, and
κ are the viscosity, density, and specific shear modulus, respectively, which are constants. Because the symmetry
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of motion is spherical, the tensor P is diagonal and Pθθ = Pϕϕ. The tensor D is also diagonal, Drr = ∂u/∂r, and
Dθθ = Dϕϕ = u/r.

To determine the components of the strain tensor E in spherical coordinates, we use the representation

x1 = r cosϕ sin θ, x2 = r sinϕ sin θ, x3 = r cos θ,

X1 = ξ cosϕ sin θ, X2 = ξ sin ϕ sin θ, X3 = ξ cos θ.

Here Xi, ξ = (r3 − s(t)3 + a3)1/3 and xi and r are the Lagrangian and Eulerian coordinates in Cartesian and
spherical systems, respectively, r = s(t) is the free boundary of the bubble, and a is the initial radius. The finite
strain tensor is given by the relation (see [13, 14])

Eij =
1
2

(
Iij − ∂Xk

∂xi

∂Xk

∂xj

)
.

Since

Xi = xi
((x2

1 + x2
2 + x2

3)3/2 − s3 + a3)1/3

(x2
1 + x2

2 + x2
3)1/2

,

we have
∂Xi

∂xj
= δij

((x2
1 + x2

2 + x2
3)

3/2 − s3 + a3)1/3

(x2
1 + x2

2 + x2
3)1/2

+ xixj
s3 − a3

(x2
1 + x2

2 + x2
3)3/2((x2

1 + x2
2 + x2

3)3/2 − s3 + a3)2/3

= δij
(r3 − s3 + a3)1/3

r
+ xixj(r, ϕ, θ)

s3 − a3

r3(r3 − s3 + a3)2/3

(δij is the Kronecker symbol).
Because the problem has spherical symmetry, we assume that cosϕ sin θ = 1. As a result, in the spherical

coordinates, we have

2Err = 1 − r4(r3 − s3 + a3)−4/3, 2Eθθ = 2Eϕϕ = 1 − r2(r3 − s3 + a3)2/3.

Using the formula for calculating the divergence tensor in spherical coordinates and taking into account the
symmetry of motion, from the general momentum equation ρ dv/dt = div P , we obtain

ρ
(∂u

∂t
+ u

∂u

∂r

)
=

1
r2

∂ (r2Prr)
∂r

− 2Pθθ

r
. (2)

Denoting Prr = Q and introducing a new unknown function Prr − Pθθ = R, we write, Eq. (2) as

ρ
(∂u

∂t
+ u

∂u

∂r

)
=

∂Q

∂r
+

2R

r
. (3)

Because the Kelvin–Voigt fluid is incompressible, the continuity equation for this medium in spherical coor-
dinates is written as

∂u

∂r
+

2u

r
= 0. (4)

The rheological relation (1) for a Kelvin–Voigt medium formally contains three equations corresponding to
spatial coordinates, but the second and third equations coincide; therefore, two independent equations remain:

Q = −p + 2μ
∂u

∂r
+ ρκ[1 − r4(r3 − s3 + a3)−4/3],

Q − R = −p + 2μu/r + ρκ[1 − r−2(r3 − s3 + a3)2/3].

The pressure can be eliminate from these equations (since the dynamic condition on the free boundary contains
only the function Q). As a result, using equality (4) and taking into account the range of definition, we obtain

R = −6μu/r + ρκ[r−2(r3 − s3 + a3)2/3 − r4(r3 − s3 + a3)−4/3], t > 0, r > s(t). (5)
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System (3)–(5) is closed, and Eq. (4) is integrable:

u = s2ṡ/r2, t > 0, r � s(t). (6)

Here the kinematic condition u = ṡ on the free boundary of the bubble r = s(t) is taken into account; the dot
denotes the derivative with respect to t. Substitution of expression (6) into Eqs. (3) and (5) yields

∂Q

∂r
+

2R

r
= ρ

(s2s̈ + 2sṡ2

r2
− 2s4ṡ2

r5

)
, t > 0, r > s(t); (7)

R = −6μs2ṡ/r3 + ρκ[r−2(r3 − s3 + a3)2/3 − r4(r3 − s3 + a3)−4/3], t > 0, r > s(t). (8)

Eliminating the function R from system (7), (8), we obtain the equation

∂Q

∂r
= 12μ

s2ṡ

r4
− 2ρκ[r−3(r3 − s3 + a3)2/3 − r3(r3 − s3 + a3)−4/3]

+ ρ
(s2s̈ + 2sṡ2

r2
− 2s4ṡ2

r5

)
, t > 0, r > s(t). (9)

The initial condition for (9) is written as

Q = 0, t > 0, r = s(t). (10)

Integration of Eq. (9) with the use of condition (10) yields

Q + c = −4μ
s2ṡ

r3
− ρκ

r3 + s3 − a3

r2(r3 − s3 + a3)1/3
+ ρ

(
− s2s̈ + 2sṡ2

r
+

s4ṡ2

2r4

)
, (11)

where

c = −4μ
ṡ

s
− ρκ

2s3 − a3

s2a
− ρ

(
ss̈ +

3
2

ṡ2
)
.

Letting r tend to infinity and using the limiting value Q = −p0 ad r → ∞, from equality (11) we obtain a nonlinear
differential equation of the second order for the function s(t) with known initial conditions:

s̈ +
3
2

ṡ2

s
+ 4ν

ṡ

s2
+ κ

2s3 − a3

s3a
+

(p0

ρ
− κ

)1
s

= 0; (12)

s(t) = a, ṡ(t) = 0, t = 0. (13)

The above equation is solved numerically. For convenience, we make the variables nondimensional, introducing
the quantities a/ Re and

√
p0/ρ as the length and velocity scales, respectively [Re = (a/ν)

√
p0/ρ is the Reynolds

number]. As a result, Eq. (12) with initial conditions (13) becomes

s̈ +
3
2

ṡ2

s
+ 4

ṡ

s2
+ (1 − M)

1
s
− M Re2 1

s3
+ 2

M

Re
= 0; (14)

s(t) = Re, ṡ(t) = 0, t = 0, (15)

where M = κρ/p0.
From the solution of problem (14), (15), it follows that several modes of motion of the cavity boundary exists

(Fig. 1 gives a map of these modes in the plane (M, Re)]:
1) collapse (region I);
2) monotonic decrease in the radius to a certain value s > 0 (region II);
3) nonmotonic decrease in the radius to a certain value s > 0 (region III).
In the first case, the rate of collapse increases to infinity and in the second and third case, it is equal to zero.
Figures 2–4 show solutions s(t) of problem (14), (15) for various values of the parameters Re and M (curves 1).
For mode 1, in which the cavity collapses, it is possible to construct the asymptotics of the solution of Eq. (14)

at zero (at the moment of collapse). For this, we isolate the main terms, using the representation s(t) = A(t∗ − t)n.
As a result, we obtain the following equation for the coefficients A and n:

(5n2

2
− n

)
A(t∗ − t)n−2 − 4n

A
(t∗ − t)−n−1 − M Re2

A3
(t∗ − t)−3n = 0.
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Fig. 1. Modes of behavior of the cavity boundary in the plane (M, Re).

We find the exponent n = 1/2. In this case, we obtain the biquadratic equation

A4 − 16A2 − 8M Re2 = 0.

Since s(t) � 0, this equation has two roots

A1,2 =
√

8 ± (64 + 8M Re2)1/2 ,

of which only the root with a non-negative discriminant has a physical meaning. As a result, the asymptotic
behavior of the boundary at the moment of cavity collapse can be described by the expression

s(t) = [8 + (64 + 8M Re2)1/2]1/2(t∗ − t)1/2, t → t∗.

Accordingly, the expression for the rate of collapse is written as

ṡ(t) = −[8 + (64 + 8M Re2)1/2]1/2(t∗ − t)−1/2/2, t → t∗

or

u(s) = −[8 + (64 + 8M Re2)1/2]/(2s), s → 0.

Passing to the elasticity limit as M → 0, we have u(s) = −8/s and s → 0, which agrees with the solution of
the Zababakhin problem of cavity collapse in a viscous fluid [5].

For modes 2 and 3, where the elastic forces are great enough to prevent the cavity from collapsing, the
limiting radius of the cavity boundary d can be determined from Eq. (14). Taking into account that the velocity
and acceleration of motion of the boundary tend to zero [s(t) → d, ṡ(t) → 0, s̈(t) → 0], we obtain the equation for
the constant d:

2Md3 + Re (1 − M)d2 − M Re3 = 0; (16)

the real root of this equation is the limiting value of d.
Using the notation u = ṡ and r = s(t), we reduce the order of Eq. (14):

du

ds
+

3
2

u

s
+

4
s2

+ (1 − M)
1
su

− M Re2 1
s3u

+ 2
M

Re u
= 0. (17)

Let us examine Eq. (17) near the singular point s = d, u = 0. For this, we make the substitution q = s − d

and, using relation (16), write (17) as

du

dq
= − (4 Re (1 − M)d + 12Md2)q + (3 Re d2 + 8 Re d)u + ϕ(q, u)

2 Re d3u + φ(q, u)
,

where ϕ(q, u) = o(q, u) and φ(q, u) = o(q, u). The corresponding characteristic equation and its roots have the form
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Fig. 2. Cavity radius versus time (a) and velocities of motion of the cavity boundary (b) for Re = 10
and M = 0.1: 1) N = 0; 2) N = 1; 3) N = 10.
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Fig. 3. Cavity radius versus time (a) and velocities of motion of the cavity boundary (b) for Re = 1
and M = 0.01: 1) N = 0; 2) N = 0.1; 3) N = 1.
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Fig. 4. Cavity radius versus time (a) and velocities of motion of the cavity boundary (b) for Re = 10
and M = 1: 1) N = 0; 2) N = 1; 3) N = 5.

λ2 + (3 Re d2 + 8 Re d)λ + 2 Re d3(4 Re (1 − M)d + 12Md2) = 0,

λ1 = −{Re (3d2 + 8d) + [Re2(3d2 + 8d)2 − 8 Re d3(4 Re (1 − M)d + 12Md2)]1/2}/2,

λ2 = −{Re (3d2 + 8d) − [Re2(3d2 + 8d)2 − 8 Re d3(4 Re (1 − M)d + 12Md2)]1/2}/2.

It is obvious that if the roots are different and real, they have the same sign. In this case , the singular point
is a node, which corresponds to mode 2. We note that the same mode corresponds to the case of a viscous fluid
at M = 0 and to the case where the roots are equal (in this case, the singular point is a degenerate node). The
imaginary roots obviously have a real part; therefore, in this case, the singular point is a focus, which corresponds
to mode 3.

To obtain the asymptotic behavior of the velocity when s(t) → d monotonically, we write u(s) = A(s− d)α.
Substitution of this relation into Eq. (17) yields

αA2(s − d)2α−1 +
3
2

A2 (s − d)2α

s
+ 4A

(s − d)α

s2
+

2M

Re
(s − d1)(s − d2)(s − d)

s3
= 0.

We set α = 1. Then, from the equation

A2 + 4A/d2 + 2M(d − d1)(d − d2)/(d3 Re) = 0,

we determine the quantity A

A1,2 =
[
− 2d Re±

√
4d2 Re2 −2M Re d3(d − d1)(d − d2)

]
/(d3 Re),

where d1 and d2 are the second and third roots of Eq. (16).
As M → 0, the required value of A corresponds to the minus sign. Thus, the velocity tends to zero as a

linear function of the cavity boundary:

u(s) =
[
− 2d Re−

√
4d2 Re2 −2M Re d3(d − d1)(d − d2)

]
(s − d)/(d3 Re).

2. We examine the behavior of the cavity in a viscoelastic Kelvin–Voigt medium with capillary forces taken
into account. In this case, Eq. (12) becomes

s̈ +
3
2

ṡ2

s
+ 4ν

ṡ

s2
+

(p0

ρ
− κ

)1
s

+
2σ

ρs2
+ κ

2s3 − a3

s3a
= 0.
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In dimensional variables, this equation and the initial conditions are written as

s̈ +
3
2

ṡ2

s
+ 4

ṡ

s2
+ (1 − M)

1
s

+ 2N
1
s2

− M Re2 1
s3

+ 2
M

Re
= 0; (18)

s(t) = Re, ṡ(t) = 0, t = 0. (19)

Here N = σ/(ν
√

p0ρ ).
The solution of problem (18), (19) is sought by numerical integration. Accounting for capillary forces leads

to results similar to those considered above. In contrast to the result obtained by Gal’perin and described in [6], in
the case of a small initial radius and with capillary forces taken into account, the velocity of motion of the cavity
boundary does not tend to a finite nonzero value and the cavity does not collapse in finite time. The mode obtained
by Gal’perin with elastic forces taken into account corresponds to mode 2: as the cavity radius tends to a certain
positive value, the velocity decreases to zero. The effect of capillary forces is manifested in the fact that the cavity
collapses more rapidly than it does only under the action of constant pressure at infinity (see Figs. 2–4). However,
once a relatively small radius is reached during the collapse, the elastic forces become dominant and, beginning at
a certain time, they prevent the cavity from collapsing, stabilizing its radius at a certain level.

The asymptotic behavior of the cavity boundary in a Kelvin–Voigt medium at the moment of collapse is
the same in the presence and absence of capillary forces, which is easily verified by substitution of the relation
s(t) = A(t∗ − t)n into Eq. (18).

In the cases where the elastic forces are great and prevent cavity collapse, the limiting value of the boundary
c is determined from Eq. (18). The equation for the constant c is written as

2Mc3 + Re (1 + M)c2 + 2 ReNc − M Re3 = 0. (20)

We study Eq. (18) in the phase plane near the singular point s = c, u = 0. For this, we make the substitution
q = s − c and, using relations (16), write (18) as

du

dq
= − (4 Re (N − M + 1)c + 12Mc2)q + (3 Re c2 + 8 Re c)u + ϕ(q, u)

2 Re c3u + φ(q, u)
,

where ϕ(q, u) = o(q, u) and φ(q, u) = o(q, u). The corresponding characteristic equation and its roots become

λ2 + (3 Re c2 + 8 Re c)λ + 2 Re c3(4 Re (N − M + 1)c + 12Mc2) = 0,

λ1 = −{Re (3c2 + 8c) + [Re2(3c2 + 8c)2 − 8 Re c3(4 Re (N − M + 1)c + 12Mc2)]1/2}/2,

λ2 = −{Re(3c2 + 8c) − [Re2(3c2 + 8c)2 − 8 Re c3(4 Re (N − M + 1)c + 12Mc2)]1/2}/2.

The difference between the above relations and the corresponding relations obtained ignoring surface tension forces
is that capillary forces add a term to the discriminant of the equation that extends the range corresponding to the
singular point — focus.

To construct the asymptotics for the case s(t) → c, we write Eq. (18) in terms of the velocity of motion of
the boundary:

du

ds
+

3
2

u

s
+

4
s2

+ (1 − M)
1
su

+ 2
N

s2u
− M Re2 1

s3u
+ 2

M

Re u
= 0 (21)

and substitute relation u(s) = A(s − c)α into Eq. (21):

αA2(s − c)2α−1 +
3
2

A2 (s − c)2α

s
+ 4A

(s − c)α

s2
+

2M

Re
(s − c1)(s − c2)(s − c)

s3
= 0

[c1 and c2 are the second and third roots of Eq. (20)]. Similarly to the solution of the problem in the absence of
capillary forces, we obtain

u(s) =
[
− 2c Re−

√
4c2 Re2 −2M Re c3(c − c1)(c − c2)

]
(s − c)/(c3 Re).

The velocity tends to zero as a linear function of the cavity boundary.
I thank V. V. Pukhnachev for useful comments and great attention to this work and S. V. Stebnovskii for
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